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COHOMOLOGICAL CHARACTERIZATION OF VECTOR BUNDLES
ON MULTIPROJECTIVE SPACES
L. COSTA∗, R.M. MIRO´-ROIG∗∗
Abstract. We show that Horrock’s criterion for the splitting of vector bundles on Pn
can be extended to vector bundles on multiprojective spaces and to smooth projective
varieties with the weak CM property (see Definition 3.11). As a main tool we use the the-
ory of n-blocks and Beilinson’s type spectral sequences. Cohomological characterizations
of vector bundles are also showed.
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1. Introduction
There are two starting points for our work. The first one is the following well known
result of Horrocks (see [14])which states that a vector bundle on a projective space has no
intermediate cohomology if and only if it decomposes into a direct sum of line bundles. In
[20], Ottaviani showed that Horrocks criterion fails on nonsingular hyperquadrics Q3 ⊂
P4. Indeed, the Spinor bundle S on Q3 ⊂ P
4 has no intermediate cohomology and it
does not decompose into a direct sum of line bundles. So, it is natural to consider two
possible generalizations of Horrocks criterion to arbitrary varieties. The first one consists
of characterizing direct sums of line bundles and the second one consists of characterizing
vector bundles without intermediate cohomology.
Related to the characterization of vector bundles which splits as direct sum of line bun-
dles; it has been done for vector bundles on hyperquadrics Qn ⊂ P
n+1 and Grassmannians
Gr(k, n) by Ottaviani in [19] and [20], respectively. It turns out that a vector bundle on
Qn (resp. Gr(k, n)) is a direct sum of line bundles if it has no intermediate cohomology
and satisfies other cohomological conditions involving Spinor bundles (resp. the tautolog-
ical k-dimensional bundle) and explicitly written down. Concerning the characterization
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of vector bundles without intermediate cohomology besides the result of Horrocks for vec-
tor bundles on projective spaces, there is such a characterization for vector bundles on
hyperquadrics due to Kno¨rrer; i.e. the line bundles and the Spinor bundles are the only in-
decomposable vector bundles on Qn ⊂ P
n+1 without intermediate cohomology. Moreover,
Buchweitz, Greuel and Schreyer in [7] proved that hyperplanes and hyperquadrics are the
only smooth hypersurfaces in a projective space for which there are, up to twist, a finite
number of indecomposable vector bundles without intermediate cohomology. See [2] for
the characterization of vector bundles on Gr(2, 5) without intermediate cohomology and
[1] for the characterization of rank 2 vector bundles on Fano 3-folds of index 2 without
intermediate cohomology.
The first goal of this paper is to generalize Horrocks result to vector bundles on mul-
tiprojective spaces Pn1 × · · · × Pnr and to vector bundles on any smooth projective va-
riety with the strong CM property (see Definition 3.11). Indeed, using the notions of
exceptional collections (see Definition 2.1), m-blocks (see Definition 3.3) and the spec-
tral sequences associated to them (see Theorem 3.16), we prove that a vector bundle E
on X = Pn1 × · · · × Pnr splits provided E ⊗ OX(t1, · · · , tr) is an ACM bundle for any
−ni ≤ ti ≤ 0, 1 ≤ i ≤ r.
Our second starting point for this note was another result of Horrocks which gives a
cohomological characterization of the sheaf of the p-differential forms Ωp
Pn
on Pn ([15])and
the increasing interest in further cohomological characterization of vector bundles. Using
the notion of left dual m-block collection and again Beilinson’s type spectral sequence,
we characterize the p-differential forms on multiprojective spaces.
Next we outline the structure of this paper. In section 2, we briefly recall the notions
and properties of exceptional sheaf and full, strongly exceptional collections of sheaves
needed later. It is well known that the length of any full strongly exceptional collection
of coherent sheaves σ = (E0, E1, · · · , Em) on a smooth projective variety X of dimension
n is greater or equal to n + 1 and, in [8] we call excellent collection any full exceptional
collection of coherent sheaves of length n + 1. Excellent collections have nice properties:
They are automatically full strongly exceptional collections and their strong exceptionality
is preserved under mutations. Nevertheless the existence of an excellent collection on an
n-dimensional smooth projective variety imposes a strong restriction on X , namely, X
has to be Fano and K0(X) a Z-free module of rank n + 1. In section 3, we generalize
the notion of excellent collection allowing exceptional collections σ = (E0, E1, · · · , Em) of
arbitrary length but packing the sheaves Ei in suitable subcollections called blocks. We
introduce the notion of left and right dual m-block collection and we prove its existence
(Proposition 3.9). In the last part of section 3, we concentrate our attention in varieties X
with a number of blocks generating Db(OX −mod) one greater than the dimension of X .
This leads us to the following definition: We say that an n-dimensional smooth projective
variety has the weak CM property if it has an n-block collection which generates Db(OX -
mod) (see Definition 3.11). Finally, given a coherent sheaf F on a smooth projective
variety X with the weak CM property, we derive two Beilinson type spectral sequences
which abuts to F (Theorem 3.16). These two spectral sequences will play an important
role in next section.
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In section 4, we use Beilinson type spectral sequence to stablish under which conditions
a vector bundle splits. As an immediate consequence of Proposition 4.1 we will re-prove:
(1) Horrock’s criterion which states that a vector bundle on Pn has no intermediate
cohomology if and only if it decomposes into a direct sum of line bundles (Corollary 4.2),
(2) the characterization of vector bundles on a quadric hypersurface Qn ⊂ P
n+1, n ≥ 2,
which splits into a direct sum of line bundles (Corollary 4.3) and (3) the characterization of
vector bundles on a Grassmannian Gr(k, n) which splits into a direct sum of line bundles
(Corollary 4.4). As a main result, we generalize Horrocks criterion to vector bundles on
multiprojective spaces (see Theorem 4.7) and we get a cohomological characterization of
the p-differential forms on multiprojective spaces (see Theorem 4.11). We end the paper
in §5 with some final comments which naturally arise from this paper.
Notation Throughout this paper X will be a smooth projective variety defined over
the complex numbers C and we denote by D = Db(OX -mod) the derived category of
bounded complexes of coherent sheaves of OX -modules. Notice that D is an abelian
linear triangulated category. We identify, as usual, any coherent sheaf F on X to the
object (0→ F → 0) ∈ D concentrated in degree zero and we will not distinguish between
a vector bundle and its locally free sheaf of sections. A coherent sheaf E on a smooth
projective variety X is an ACM sheaf if H i(X,E⊗OX(t)) = 0 for any i, 0 < i < dimX ,
and for any t ∈ Z; and we say that E has no intermediate cohomology if and only if
H i(X,E ⊗ L) = 0 for any i, 0 < i < dimX , and for any line bundle L on X .
2. Preliminaries
As we pointed out in the introduction, in this section we gather the basic definitions and
properties on exceptional sheaves, exceptional collections of sheaves, strongly exceptional
collections of sheaves and full exceptional collections of sheaves needed in the sequel.
Definition 2.1. Let X be a smooth projective variety.
(i) An object F ∈ D is exceptional if Hom•D(F, F ) is a 1-dimensional algebra generated
by the identity.
(ii) An ordered collection (F0, F1, · · · , Fm) of objects of D is an exceptional collection
if each object Fi is exceptional and Ext
•
D(Fk, Fj) = 0 for j < k.
(iii) An exceptional collection (F0, F1, · · · , Fm) of objects of D is a strongly excep-
tional collection if in addition ExtiD(Fj , Fk) = 0 for i 6= 0 and j ≤ k.
(iv) An ordered collection of objects of D, (F0, F1, · · · , Fm), is a full (strongly) ex-
ceptional collection if it is a (strongly) exceptional collection and F0, F1, · · · , Fm
generate the bounded derived category D.
Remark 2.2. The existence of a full strongly exceptional collection (F0, F1, · · · , Fm) of
coherent sheaves on a smooth projective variety X imposes rather a strong restriction on
X , namely that the Grothendieck group K0(X) = K0(OX −mod) is isomorphic to Z
m+1.
Example 2.3. (1) (OPr(−r), OPr(−r + 1), OPr(−r + 2), · · · , OPr) is a full strongly
exceptional collection of coherent sheaves on a projective space Pr and (OPr , Ω
1
Pr
(1),
Ω2
Pr
(2), · · · , Ωr
Pr
(r)) is also a full strongly exceptional collection of coherent sheaves on
Pr.
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(2) Let Fn = P(OP1 ⊕OP1(n)), n ≥ 0, be a Hirzebruch surface. Denote by ξ (resp. F )
the class of the tautological line bundle (resp. the class of a fiber of the natural projection
p : Fn → P
1). Then, (O, O(F ), O(ξ), O(F + ξ)) is a full strongly exceptional collection
of coherent sheaves on Fn.
(3) Let π : P˜2(l)→ P2 be the blow up of P2 at l points and let L1 = π
−1(p1), . . . , Ll =
π−1(pl) be the exceptional divisors. Then,
(O,O(L1),O(L2), · · · ,O(Ll),O(H),O(2H))
is a full strongly exceptional collection of coherent sheaves on P˜2(l).
(4) Let E be a rank r vector bundle on a smooth projective variety X . If X has
a full strongly exceptional collection of line bundles then P(E) also has a full strongly
exceptional collection of line bundles. In particular, any d-dimensional, smooth, complete
toric variety V with a splitting fan Σ(V ) has a full strongly exceptional collection of line
bundles and any d-dimensional, smooth, complete toric variety V with Picard number 2
or, equivalently, with d + 2 generators has a full strongly exceptional collection of line
bundles (see [8]).
(5) (OPn(−n)⊠OPm(−m),OPn(−n+1)⊠OPm(−m), · · · ,OPn⊠OPm(−m), · · · ,OPn(−n)⊠
OPm ,OPn(−n+1)⊠OPm , · · · ,OPn⊠OPm) is a full strongly exceptional collection of locally
free sheaves on Pn × Pm.
We have seen many examples of smooth projective varieties which have a full strongly
exceptional collection of line bundles and we want to point out that there are many other
examples of smooth projective varieties which have a full strongly exceptional collection
of bundles of higher rank but they don’t have a full strongly exceptional collection of line
bundles.
Example 2.4. (1) Let X = Gr(k, n) be the Grassmannian of k-dimensional subspaces
of the n-dimensional vector space. Assume k > 1. We have Pic(X) ∼= Z ∼=< OX(1) >,
KX ∼= OX(−n) and the canonical exact sequence
0→ S → OnX → Q→ 0
where S denotes the tautological k-dimensional bundle and Q the quotient bundle.
In the sequel, ΣαS denotes the space of the irreducible representations of the group
GL(S) with highest weight α = (α1, . . . , αs) and |α| =
∑s
i=1 αi. Denote by A(k, n) the
set of locally free sheaves ΣαS on Gr(k, n) where α runs over Young diagrams fitting
inside a k × (n − k) rectangle. Set ρ(k, n) := ♯A(k, n). By [16]; Proposition 2.2 (a)
and Proposition 1.4, A(k, n) can be totally ordered in such a way that we obtain a full
strongly exceptional collection (E1, . . . , Eρ(k,n)) of locally free sheaves on X . Notice that
S ∈ A(k, n) has rank k and hence this collection has locally free sheaves of rank greater
than one. In addition, any full strongly exceptional collection of coherent sheaves on X
has a sheaf of rank greater than one. Indeed, any full strongly exceptional collection of
coherent sheaves on X has the same length equals to the rank ρ(k, n) of the Grothendieck
group of X . On the other hand, since Pic(X) ∼=< OX(1) > and KX ∼= OX(−n), any full
strongly exceptional collection of coherent sheaves has at most n+1 summands which are
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line bundles. Therefore, since n+ 1 < ρ(k, n) = rk(K0(X)), any full strongly exceptional
collection has a sheaf of rank different from one.
(2) Any full strongly exceptional collection of locally free sheaves on a hyperquadric
Qn ⊂ P
n+1, n > 2, has a sheaf of rank different from one. In fact, if n ≥ 3 then
Pic(Qn) = Z = 〈OQn(1)〉, KQn
∼= OQn(−n) and
rank(K0(Qn)) =
{
n+ 1 if n is odd
n+ 2 if n is even.
Moreover, by [17]; Proposition 4.9, if n is even and Σ1, Σ2 are the Spinor bundles on Qn,
then
(Σ1(−n),Σ2(−n),OQn(−n+ 1), · · · ,OQn(−1),OQn)
is a full strongly exceptional collection of locally free sheaves on Qn; and if n is odd and
Σ is the Spinor bundle on Qn, then
(Σ(−n),OQn(−n + 1), · · · ,OQn(−1),OQn)
is a full strongly exceptional collection of locally free sheaves on Qn.
Definition 2.5. Let X be a smooth projective variety and let (A,B) be an exceptional
pair of objects of D. We define objects LAB and RBA with the aid of the following
distinguished triangles in the category D:
(2.1) LAB → Hom
•
D(A,B)⊗A→ B → LAB[1]
(2.2) RBA[−1]→ A→ Hom
×•
D (A,B)⊗B → RBA.
Notation 2.6. Let X be a smooth projective variety and let σ = (F0, · · · , Fm) be an
exceptional collection of objects of D. It is convenient to agree that for any 0 ≤ i, j ≤ m
and i+ j ≤ m,
R(j)Fi = R
(j−1)RFi = RFi+j · · · · · ·RFi+2RFi+1Fi =: RFi+j ······Fi+2Fi+1Fi
and similar notation for compositions of left mutations.
If X is a smooth projective variety and σ = (F0, · · · , Fm) is an exceptional collection of
objects of D, then any mutation of σ is an exceptional collection. Moreover, if σ generates
the category D, then the mutated collection also generates D.
Nevertheless, in general, a mutation of a strongly exceptional collection is not a strongly
exceptional collection. In fact, take X = P1×P1 and consider the full strongly exceptional
collection σ = (OX ,OX(1, 0),OX(0, 1),OX(1, 1)) of line bundles on X . It is not difficult
to check that the mutated collection
(OX ,OX(1, 0), LOX(0,1)OX(1, 1),OX(0, 1)) = (OX ,OX(1, 0),OX(−1, 1),OX(0, 1))
is no more a strongly exceptional collection of line bundles on X .
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3. m-blocks and Beilinson’s spectral sequence
Let X be a smooth projective variety of dimension n. It is well known that all full
strongly exceptional collections of coherent sheaves on X have the same length and it is
equal to the rank of K0(X). Even more, this length is bounded below by n + 1 because
for any smooth projective variety X of dimension n we have rank(K0(X)) ≥ n + 1. In
[9]; we give the following definition (see also [6] and [13]).
Definition 3.1. Let X be a smooth projective variety of dimension n. We say that an
ordered collection of coherent sheaves σ = (E0, · · · , En) is an excellent collection if it
is a full exceptional collection of coherent sheaves on X of minimal length, n + 1, i.e. of
length one greater than the dimension of X .
By [5]; Assertion 9.2, Theorem 9.3 and Corollary 9.4, excellent collections are automat-
ically strongly exceptional collections of coherent sheaves and the strongly exceptionality
is preserved under mutations.
Example 3.2. (1) The collection σ = (OPr(−r),OPr(−r + 1),OPr(−r + 2), · · · ,OPr) of
line bundles on Pr is an excellent collection of coherent sheaves.
(2) If n is odd and Qn ⊂ P
n+1 is a quadric hypersurface, the collection of locally free
sheaves
(Σ(−n),OQn(−n + 1), · · · ,OQn(−1),OQn)
being Σ the Spinor bundle on Qn is an excellent collection of locally free sheaves on Qn.
(3) If n is even and Qn ⊂ P
n+1 is a quadric hypersurface, the collection of locally free
sheaves
(Σ1(−n),Σ2(−n),OQn(−n+ 1), · · · ,OQn(−1),OQn)
being Σ1 and Σ2 the Spinor bundles on Qn, is a full strongly exceptional collection of
locally free sheaves on Qn. Since all full strongly exceptional collections of coherent
sheaves on Qn have length n + 2 we conclude that there are no excellent collections of
coherent sheaves on Qn for even n.
(4) It follows from Example 2.4 that there are no excellent collections of coherent sheaves
on Gr(k, n) if k 6= n− 1.
(5) Any smooth Fano threefold X with Pic(X) ∼= Z and trivial intermediate Jacobian
has an excellent collection (see [9]; Proposition 3.6).
It is an interesting problem to characterize the smooth projective varieties which have an
excellent collection. We want to stress that the existence of an excellent collection on an n-
dimensional smooth variety X imposes a strong restriction on X ; e.g. X has to be a Fano
variety ([6]; Theorem 3.4) and the Grothendieck group K0(X) has to be a Z-free module
of rank n+ 1. So, it is convenient to generalize the notion of excellent collection in order
to be able to apply the results derived from its existence to varieties as Grassmannians,
even-dimensional hyperquadrics, multiprojective spaces, etc, which do not have excellent
collections. This will be achieved allowing exceptional collections σ = (F0, . . . , Fm) of
arbitrary length but packing the objects Fi ∈ D in suitable subcollections called blocks.
The notion of block was introduced by Karpov and Nogin in [18] and we will recall its
definition and properties (see also [13]).
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Definition 3.3. (i) An exceptional collection (F0, F1, · · · , Fm) of objects of D is a block
if ExtiD(Fj , Fk) = 0 for any i and j 6= k.
(ii) An m-block collection of type (α0, α1, · · · , αm) of objects of D is an exceptional
collection
(E0, E1, · · · , Em) = (E
0
1 , · · · , E
0
α0
, E11 , · · · , E
1
α1
, · · · , Em1 , · · · , E
m
αm
)
such that all the subcollections Ei = (E
i
1, E
i
2, · · · , E
i
αi
) are blocks.
Note that an exceptional collection (E0, E1, · · · , Em) is an m-block of type (1, 1, · · · , 1).
Example 3.4. (1) Let X = Gr(k, n) be the Grassmannian of k-dimensional subspaces
of the n-dimensional vector space, k > 1. In Example 2.4 (1), we have seen that A(k, n)
can be totally ordered in such a way that we obtain a full strongly exceptional collection
σ = (E1, . . . , Eρ(k,n))
of locally free sheaves on X . On the other hand, by [17] (3.5), Hom(ΣαS,ΣβS) 6= 0
only if αi ≥ βi for all i. So, packing in the same block Er the bundles Σ
αS ∈ σ with
|α| = k(n− k)− r and taking into account that 0 ≤ |α| ≤ k(n− k) we obtain
σ = (E1, . . . , Eρ(k,n)) = (E0, . . . , Ek(n−k))
a k(n− k)-block collection of vector bundles on X .
(2) Let Qn ⊂ P
n+1, n ≥ 2, be a hyperquadric variety. According to Example 2.4 (2), if
n is even and Σ1, Σ2 are the Spinor bundles on Qn, then
(Σ1(−n),Σ2(−n),OQn(−n+ 1), · · · ,OQn(−1),OQn)
is a full strongly exceptional collection of locally free sheaves on Qn; and if n is odd and
Σ is the Spinor bundle on Qn, then
(Σ(−n),OQn(−n + 1), · · · ,OQn(−1),OQn)
is a full strongly exceptional collection of locally free sheaves on Qn. Since Ext
i(Σ1,Σ2) =
0 for any i ≥ 0, we get that (E0, E1, . . . , En) where
Ei = OQn(−n + i) for 1 ≤ i ≤ n, E0 =
{
(Σ1(−n),Σ2(−n)) if n even
(Σ(−n)) if n odd
is an n-block collection of coherent sheaves on Qn for all n.
(3) Let X = Pn1 × · · · × Pns be a multiprojective space of dimension d = n1 + · · ·+ ns.
For any 1 ≤ i ≤ s, denote by pi : X → P
ni the natural projection and write
OX(a1, a2, · · · , as) := p
∗
1OPn1 (a1)⊗ p
∗
2OPn2 (a2)⊗ · · · ⊗ p
∗
sOPns (as).
For any 0 ≤ j ≤ d, denote by Ej the collection of all line bundles on X
OX(a
j
1, a
j
2, · · · , a
j
s)
with −ni ≤ a
j
i ≤ 0 and
∑s
i=1 a
j
i = j − d. Using the Ku¨nneth formula for locally free
sheaves on algebraic varieties, we prove that each Ej is a block and that
(E0, E1, · · · , Ed)
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is a d-block collection of line bundles on X .
We will now introduce the notion of mutation of block collections.
Definition 3.5. Let X be a smooth projective variety and consider a 1-block collection
(E ,F) = (E1, · · · , En, F1, · · · , Fm) of objects of D. A left mutation of Fj by E is the
object defined by (see Notation 2.6)
LEFj := LE1E2···EnFj
and a right mutation of Ej by F is the object defined by
RFEj := RFmFm−1···F1Ej .
A left mutation of (E ,F) is the pair (LEF , E) where
LEF := (LEF1, LEF2, · · · , LEFm)
and a right mutation of (E ,F) is the pair (F , RFE) where
RFE := (RFE1, RFE2, · · · , RFEn).
Remark 3.6. By [12] (2.2), for any exceptional objectX ∈ D, any pair of object F,G ∈ D
and any integer i we have:
ExtiD(LXF, LXG) = Ext
i
D(F,G),
ExtiD(RXF,RXG) = Ext
i
D(F,G).
Hence, for any 1-block collection (E ,F) = (E1, . . . , En, F1 . . . , Fm) and integers j 6= k,
ExtiD(LEFj, LEFk) = Ext
i
D(LE1···EnFj , LE1···EnFk) = Ext
i
D(Fj , Fk),
ExtiD(RFEj , RFEk) = Ext
i
D(RFm···F1Ej , RFm···F1Ek) = Ext
i
D(Ej , Ek)
and thus both LEF and RFE are blocks and the pairs (LEF , E) and (F , RFE) are 1-block
collections.
Remark 3.7. It follows from the proof of [18]; Proposition 2.2 and Proposition 2.3 that
given a 1-block collection (E ,F) = (E1, · · · , En, F1, · · · , Fm), the objects LEFj and RFEj
can be defined with the aid of the following distinguished triangles in the category D
(3.1) LEFj → ⊕
n
i=1Hom
•
D(Ei, Fj)⊗ Ei → Fj → LEFj [1]
(3.2) RFEj [−1]→ Ej → ⊕
m
i=1Hom
×•
D (Ej , Fi)⊗ Fi → RFEj .
Applying Hom•D(Ei, ∗) to the triangle (3.1) we get the orthogonality relation
(3.3) Hom•D(Ei, LEFj) = 0 for all 1 ≤ i ≤ n
i.e., LEFj ∈ [E ]
⊥ := {F ∈ D|Hom•D(E, F ) = 0 for all E ∈ [E ]}, where we denote by [E ]
the full triangulated subcategory of D generated by E1, · · · , En.
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Similarly, Hom•D(∗, Fj) applied to the triangle (3.2) gives the orthogonality relation
(3.4) Hom•D(RFEi, Fj) = 0 for all 1 ≤ j ≤ m
i.e., RFEi ∈
⊥[F ] := {E ∈ D|Hom•D(E, F ) = 0 for all F ∈ [F ]}.
Taking E ′ ∈ ⊥[F ] and E ′′ ∈ [E ]⊥ and applying Hom•D(E
′, ∗) and Hom•D(∗, E
′′) to the
triangles (3.1) and (3.2) we get for any H ∈ D
(3.5) Hom•D(E
′, H) = Hom•D(E
′, LEH)[1],
(3.6) Hom•D(H,E
′′) = Hom•D(REH,E
′′)[1].
Notation 3.8. It is convenient to agree that
R(j)Ei = R
(j−1)REi = REi+j · · · · · ·REi+2REi+1Ei =: REi+j ······Ei+2Ei+1Ei
L(j)Ei = L
(j−1)LEi = LEi−j · · · · · ·LEi−2LEi−1Ei =: LEi−j ······Ei−2Ei−1Ei.
Let σ = (E0, · · · , Em) be an m-block collection of type α0, · · · , αm of objects of D which
generates D. Two m-block collections H = (H0, · · · ,Hm) and G = (G0, · · · ,Gm) of type
β0, · · · , βm with βi = αm−i of objects of D are called left dual m-block collection of σ
and right dual m-block collection of σ if
(3.7) Hom•D(H
i
j , E
k
l ) = Hom
•
D(E
k
l , G
i
j) = 0
except for
(3.8) ExtkD(H
k
i , E
m−k
i ) = Ext
m−k
D (E
m−k
i , G
k
i ) = C.
Proposition 3.9. Left dual m-block collections and right dual m-block collections exist
and they are unique up to isomorphism.
Proof. Let σ = (E0, · · · , Em) be an m-block collection of type type α0, · · · , αm of objects
of D. We will construct explicitly the left and the right dual m-block collection of σ by
consequent mutations of the m-block collection σ. We consider
(3.9) H = (R(0)Em, R
(1)Em−1, · · · , R
(m)E0)
where by definition
R(i)Em−i = (R
(i)Em−i1 , · · · , R
(i)Em−iαm−i)
= (REmEm−1···Em−i+1E
m−i
1 , · · · , REmEm−1···Em−i+1E
m−i
αm−i
).
Let us check that it satisfies the orthogonality conditions (3.7) and (3.8). It follows from
(3.4) that REmEm−1···Em−i+1E
m−i
k ∈
⊥[Em−i+1, · · · , Em] and hence for any l with m− i+1 ≤
l ≤ m and any j with 1 ≤ j ≤ αl
Hom•D(REmEm−1···Em−i+1E
m−i
k , E
l
j) = 0.
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On the other hand, since σ is an exceptional collection, for any l with 0 ≤ l ≤ m − i,
and any p with m− i+ 1 ≤ p ≤ m
Hom•D(E
p
q , E
l
j) = 0, 1 ≤ q ≤ αp, 1 ≤ j ≤ αl.
So, for any l with 0 ≤ l ≤ m− i and any j with 1 ≤ j ≤ αl, E
l
j ∈
⊥[Em−i+1, · · · , Em] and
applying repeatedly (3.6) we get
Hom•D(REmEm−1···Em−i+1E
m−i
k , E
l
j) = Hom
•
D(E
m−i
k , E
l
j)[−i] =
{
0 if l < m− i
C in degree i if l = m− i.
Therefore, H is indeed the left dual m-block collection of σ. By consequent left mutations
of the m-block collection σ and arguing in the same way we get the right dual m-block
collection of σ. 
We want to point out that the notion of m-block collection is the convenient general-
ization of the notion of excellent collection we were looking for. Indeed, we will see that
the behavior of n-block collections, n = dim(X), is really good in the sense that they are
automatically strongly exceptional collections and that their structure is preserved under
mutations through blocks. More precisely we have:
Proposition 3.10. Let X be a smooth projective variety of dimension n and let σ =
(E0, · · · , En) be an n-block collection of coherent sheaves on X and assume that σ generates
de category D. Then we get:
(1) The sequence σ is a full strongly exceptional collection of coherent sheaves on X.
(2) All mutations through the blocks Ei can be computed using short exact sequences of
coherent sheaves.
(3) Any mutation of σ through any block Ei is a full strongly exceptional collection of
pure sheaves, i.e. complexes concentrated in the zero component of the grading.
(4) Any mutation of σ through any block Ei is an n-block collection.
Proof. See [5]; Theorem 9.5 and Remark b) below and [13]; Theorem 1. 
These nice properties led us to introduce the following definition
Definition 3.11. Let X be a smooth projective variety of dimension n. We say that X
has the weak CM property if there exists an n-block collection (E0, · · · , En) of type
(α0, . . . , αn) of coherent sheaves on X which generates D. We say that X has the CM
property if in addition, for all Eni ∈ En and all E
k
l ∈ Ek with 0 ≤ k ≤ n− 1, E
n
i ⊗ E
k
l is
an ACM sheaf; and finally we say that X has the strong CM property if in addition,
all the exceptional coherent sheaves Eij ∈ Ei are line bundles.
Remark 3.12. We want to point out that the number of blocks is one greater than
the dimension of X but a priori there is no restriction on the length αi of each block
Ei = (E
i
1, . . . , E
i
αi
).
COHOMOLOGICAL CHARACTERIZATION OF VECTOR BUNDLES 11
It is clear that any smooth projective variety with an excellent collection has the weak
CM property. Let us now see many examples of varieties with the (weak) CM property
which do not have excellent collections of coherent sheaves.
Example 3.13. (1) Since any line bundle on Pn is ACM, it follows from Example 3.2 (1)
that Pn has the strong CM property.
(2) Let Qn ⊂ P
n+1, n ≥ 2, be a hyperquadric variety. According to Example 3.4 (2),
σ = (E0, E1, . . . , En) where
Ei = OQn(−n + i) for 1 ≤ i ≤ n, E0 =
{
(Σ1(−n),Σ2(−n)) if n even
(Σ(−n)) if n odd
is an n-block collection of coherent sheaves on Qn for all n. Since spinor bundles and line
bundles on Qn are ACM bundles and En = OQn , we deduce that Qn has the CM property.
(3) Let X = Pn1×· · ·×Pns be any multiprojective space and let σ = (E0, · · · , En1+···+ns)
be the (n1+· · ·+ns)-block collection of line bundles on X given in Example 3.4 (3). Using
the Ku¨nneth formula, the fact that Hα(Pnj ,OPnj (a)) = 0 for any 0 ≤ α ≤ nj and any
a ∈ Z unless α = 0 and a ≥ 0 or α = nj and a ≤ −nj − 1, together with the fact that
En1+···+ns = OX we deduce that for any t ∈ Z and any E
k
i ∈ Ek, 0 ≤ k ≤ n1+ · · ·+ns− 1,
0 < α < n1 + · · ·+ ns
Hα(X,OX(t, · · · , t)⊗E
k
i ) = 0.
Hence, X has the strong CM property.
(4) Let X = Gr(k, n) be the Grassmannian variety of k-dimensional subspaces of the
n-dimensional vector space and take σ = (E0, · · · , Ek(n−k)) be the k(n−k)-block collection
of vector bundles on X given in Example 3.4 (1). Notice that Ek(n−k) = OX . Hence, since
any ΣαS ∈ Er, 0 ≤ r ≤ k(n− k)− 1, is an ACM vector bundle, we get that X = Gr(k, n)
has the CM property but not the strong CM property.
(5) Let π : P˜2(3)→ P2 be the blow up of P2 at 3 points and let Li = π
−1(pi), 1 ≤ i ≤ 3,
be the exceptional divisors. Then,
(O,O(H),O(2H −L1−L2−L3),O(2H −L2−L3),O(2H −L1−L3),O(2H −L1−L2))
is a full exceptional collection of coherent sheaves on P˜2(3). By [18]; Proposition 4.2
(3), the collection (E0, E1, E2) with E0 = (O), E1 = (O(H),O(2H − L1 − L2 − L3)) and
E2 = (O(2H − L2 − L3),O(2H − L1 − L3),O(2H − L1 − L2)), is a 3-block collection of
line bundles on P˜2(3). Hence, P˜2(3) has the weak CM property.
We are led to pose the following problem/question:
Problem 3.14. To characterize smooth projective varieties with the (weak, strong) CM
property.
By [6]; Theorem 3.4, any smooth projective variety with an excellent collection is Fano.
All examples described above about smooth projective varieties with the (weak, strong)
CM property are Fano. So, we wonder
Question 3.15. Let X be a smooth projective variety and assume that X has the (weak,
strong) CM property. Is X Fano?
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Beilinson’s Theorem was stated in 1978 [4] and since then it has became a major tool
in classifying vector bundles over projective spaces. Beilinson’s spectral sequence was
generalized by Kapranov to hyperquadrics and Grassmannians ([16] and [17]) and by the
authors to any smooth projective variety with an excellent collection [9]. We are now
ready to generalize Beilinson’s Theorem to any smooth projective variety which has the
weak CM property and to state the main result of this section.
Theorem 3.16. (Beilinson type spectral sequence) Let X be a smooth projective
variety of dimension n with an n-block collection σ = (E0, E1, · · · , En), Ei = (E
i
1, . . . , E
i
αi
)
of coherent sheaves on X which generates D. Then for any coherent sheaf F on X there
are two spectral sequences with E1-term
(3.10) IE
pq
1 =
{⊕αp+n
i=1 Ext
q(REn···Ep+n+1E
p+n
i , F )⊗ E
p+n
i if − n ≤ p ≤ −1⊕αn
i=1 Ext
q(Eni , F )⊗ E
n
i if p = 0
(3.11) IIE
pq
1 =
{⊕αp+n
i=1 Ext
q((Ep+ni )
∗, F )⊗ (REn···Ep+n+1E
p+n
i )
∗ if − n ≤ p ≤ −1⊕αn
i=1 Ext
q(Eni
∗, F )⊗ Eni
∗ if p = 0
situated in the square −n ≤ p ≤ 0, 0 ≤ q ≤ n which converge to
IE
i
∞ =II E
i
∞ =
{
F for i = 0
0 for i 6= 0.
Proof. We will only prove the existence of the first spectral sequence. The other can be
done similarly. For any γ, 0 ≤ γ ≤ n, we write iV •γ for the graded vector spaces
iV •γ = Hom
•
D(REn···Eγ+1E
γ
i , F ) = Hom
•
D(E
γ
i , LEγ+1···EnF )
where the second equality follows from standard properties of mutations ([12]; Pag. 12-
14).
By Remark 3.7, the triangles defining the consequent right mutations of F and the
consequent left mutations of F [n] through (E0, · · · , En) can be written as
(
αγ⊕
i=1
iV •γ ⊗ E
γ
i )[−1]
kγ
−→REγ ···E0F [−1]
iγ
−→REγ−1···E0F
jγ
−→
αγ⊕
i=1
iV •γ ⊗E
γ
i
αγ⊕
i=1
iV •γ ⊗E
γ
i
jγ+1
−→LEγ+1···EnF [n]
iγ+1
−→LEγ ···EnF [n+ 1]
kγ+1
−→(
αγ⊕
i=1
iV •γ ⊗ E
γ
i )[1].
We arrange them into the following big diagram:
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0 = REn···E0F
in

F [n]
i0

⊕αn
i=1
iV •n ⊗ E
n
i
kn
iiSSSSSSSSSSSSSS
j0
55jjjjjjjjjjjjjjjjj
REn−1···E0F
jn
55kkkkkkkkkkkkkk
in−1

LEnF [n]
k0
iiTTTTTTTTTTTTTTT
i1

⊕αn−1
i=1
iV •n−1 ⊗ E
n−1
i
kn−1
iiSSSSSSSSSSSSSS
dn−1
OO
j1
55kkkkkkkkkkkkkkk
REn−2···E0F
jn−1
55kkkkkkkkkkkkkk
LEn−1EnF [n]
k1
iiSSSSSSSSSSSSSSS
⊕αn−2
i=1
iV •n−2 ⊗ E
n−2
i
kn−2
iiSSSSSSSSSSSSSS
dn−2
OO
j2
55kkkkkkkkkkkkkkk
RE1E0F
i1

LE2···EnF [n]
in−1

⊕α1
i=1
iV •1 ⊗E
1
i
k1
iiSSSSSSSSSSSSSSS
jn−1
55jjjjjjjjjjjjjjj
RE0F
j1
55kkkkkkkkkkkkkkkk
i0

LE1···EnF [n]
kn−1
iiTTTTTTTTTTTTTTT
in

⊕α0
i=1
iV •0 ⊗E
0
i
k0
iiSSSSSSSSSSSSSSSS
d0
OO
jn
55jjjjjjjjjjjjjjj
F
j0
55kkkkkkkkkkkkkkkkkk
LE0···EnF [n] = 0
kn
iiTTTTTTTTTTTTTTT
At this diagram, all oriented triangles along left and right vertical borders are distin-
guished, the morphisms i• and i
• have degree one, and all triangles and rhombuses in the
central column are commutative. So, there is the following complex, functorial on F ,
L• : 0→
α0⊕
i=1
iV •0 ⊗E
0
i →
α1⊕
i=1
iV •1 ⊗ E
1
i → · · · →
αn−1⊕
i=1
iV •n−1 ⊗E
n−1
i →
αn⊕
i=1
iV •n ⊗ E
n
i → 0
and by the above Postnikov-system we have that F is a right convolution of this complex.
Then, for an arbitrary linear covariant cohomological functor Φ•, there exists an spectral
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sequence with E1-term
IE
pq
1 = Φ
q(Lp)
situated in the square 0 ≤ p, q ≤ n and converging to Φp+q(F ) (see [17]; 1.5). Since Φ• is
a linear functor, we have
(3.12) Φq(Lp) =
αp⊕
i=1
Φq(iV •p ⊗ E
p
i ) =
αp⊕
i=1
⊕
l
iV lp ⊗ Φ
q−l(Epi ) =
αp⊕
i=1
⊕
α+β=q
iV αp ⊗ Φ
β(Epi ).
In particular, if we consider the covariant linear cohomology functor which takes a complex
to its cohomology sheaf and acts identically on pure sheaves, i.e.
Φβ(F ) =
{
F for β = 0
0 for β 6= 0
on any pure sheaf F , in the square 0 ≤ p, q ≤ n, we get
IE
pq
1 =
αp⊕
i=1
iV qp ⊗ E
p
i =
αp⊕
i=1
Extq(REn···Ep+1E
p
i , F )⊗ E
p
i
which converges to
IE
i
∞ =
{
F for i = 0
0 for i 6= 0.
Finally, if we call p′ = p− n, we get the spectral sequence
IE
p′q
1 =
αp′+n⊕
i=1
Extq(REn···Ep′+n+1E
p′+n
i , F )⊗E
p′+n
i
situated in the square −n ≤ p′ ≤ 0, 0 ≤ q ≤ n which converges to
IE
i
∞ =
{
F for i = 0
0 for i 6= 0.

4. Splitting vector bundles and cohomological characterization of
vector bundles
A well known result of Horrocks states that a vector bundle on Pn has no intermediate
cohomology if and only if it splits into a direct sum of line bundles. The first goal of this
section is to generalize Horrocks criterion to vector bundles on multiprojective spaces and
to any smooth projective variety with the strong CM property. As a main tool we will
use the Beilinson-type spectral sequences stated in the previous section.
Proposition 4.1. Let X be a smooth projective variety of dimension n with the CM
property given by the n-block collection σ = (E0, E1, · · · , En), Ei = (E
i
1, . . . , E
i
αi
) of coherent
sheaves on X. Let F be a coherent sheaf on X such that for any −n ≤ p ≤ −1 and
1 ≤ i ≤ αp
H−p−1(X,F ⊗ Ep+ni ) = 0.
Then F contains
⊕αn
i=1(E
n
i
∗)h
0(F⊗Eni ) as a direct summand.
COHOMOLOGICAL CHARACTERIZATION OF VECTOR BUNDLES 15
Proof. By Theorem 3.16, there is a spectral sequence with E1-term
IIE
pq
1 =
{⊕αp+n
i=1 Ext
q((Ep+ni )
∗, F )⊗ (REn···Ep+n+1E
p+n
i )
∗ if − n ≤ p ≤ −1⊕αn
i=1 Ext
q(Eni
∗, F )⊗ Eni
∗ if p = 0
situated in the square −n ≤ p ≤ 0, 0 ≤ q ≤ n which converges to
IIE
i
∞ =
{
F for i = 0
0 for i 6= 0.
By assumption, IIE
p,−p−1
1 = 0, i.e., the E1-term looks like
q
• n
0 • n− 1
0
• 2
0 • 1
//0 • p
−n −2 −1
OO
So, the limit IIE
i
∞, i.e., F , contains IIE
00
1 =
⊕αn
i=1(E
n
i
∗)h
0(F⊗Eni ) as a direct summand.

As an immediate consequence of Proposition 4.1 we will first re-prove Horrocks criterion.
Corollary 4.2. Let E be a vector bundle on Pn. The following conditions are equivalent:
(i) E splits into a sum of line bundles.
(ii) E has no intermediate cohomology; i.e. H i(Pn, E(t)) = 0 for 1 ≤ i ≤ n − 1 and
for all t ∈ Z
Proof. (i) ⇒ (ii). It follows from Bott’s formula. (ii) ⇒ (i). We may suppose that E
is indecomposable. So that it suffices to prove that E is a line bundle. To this end, we
choose an integer m such that H0(Pn, E(m − 1)) = 0 and H0(Pn, E(m)) 6= 0 and we
apply Proposition 4.1 to X = Pn, σ = (OPn(−n), · · · ,OPn(−1),OPn) and F = E(m). We
conclude that Oh
0E(m) is a direct summand of F and since F is indecomposable we get
that F = OPn and we are done. 
In [20] Ottaviani pointed out that Horrocks criterion fails on a non singular quadric
hypersurface Qn ⊂ P
n+1; the Spinor bundles S on Qn have no intermediate cohomology
and they do not decompose into a direct sum of line bundles. Nevertheless, we have the
following cohomological characterization of vector bundles on Qn which split into a direct
sum of line bundles; and of vector bundles on a Grassmannian Gr(k, n) which also split
into a direct sum of line bundles.
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On Qn, we shall use the unified notation Σ∗ meaning that for even n both Spinor
bundles Σ1 and Σ2 are considered, and for odd n, the Spinor bundle Σ (see Example 3.4
(2) for more details).
Corollary 4.3. Let E be a vector bundle on Qn ⊂ P
n+1. The following conditions are
equivalent:
(i) E splits into a sum of line bundles.
(ii) H i(Qn, E(t)) = 0 for 1 ≤ i ≤ n− 1 and t ∈ Z; and H
n−1(Qn, E ⊗Σ∗(t− n)) = 0.
Proof. (i) ⇒ (ii). It is a well known statement. (ii) ⇒ (i). We may suppose that E
is indecomposable. So that it suffices to prove that E is a line bundle. To this end, we
choose an integer m such that H0(Qn, E(m−1)) = 0 and H
0(Qn, E(m)) 6= 0 and we apply
Proposition 4.1 to X = Qn, σ = (E0, · · · , En) defined in Example 3.4 (2) and F = E(m)
(see also Example 3.13). Hence, we obtain that O
h0E(m)
Qn
is a direct summand of F and
since F is indecomposable we conclude that F = OQn. 
Keeping the notations introduced in Example 3.4 (1), we have:
Corollary 4.4. Let E be a vector bundle on Gr(k, n) and set
Er = {Σ
αS|k(n− k)− r = |α|}.
The following conditions are equivalent:
(i) E splits into a sum of line bundles.
(ii) H i(Gr(k, n), E(t) ⊗ ΣαS) = 0 for 1 ≤ i ≤ k(n − k) − 1, t ∈ Z and ΣαS ∈
Ek(n−k)−i−1.
Proof. (i) ⇒ (ii). It is a well known statement. (ii) ⇒ (i). We may suppose that E
is indecomposable. So that it suffices to prove that E is a line bundle. To this end, we
choose an integer m such that H0(Gr(k, n), E(m− 1)) = 0 and H0(Gr(k, n), E(m)) 6= 0.
We consider Proposition 4.1 applied to X = Gr(k, n), σ = (E0, · · · , Ek(n−k)) given in
Example 3.4 (1) and F = E(m) (see also Example 3.13) and we get that O
h0E(m)
Gr(k,n) is a
direct summand of F . Since F is indecomposable we derive that F = OGr(k,n) and we are
done. 
Remark 4.5. Applying again Proposition 4.1 and arguing as in Corollaries 4.3 and 4.4,
we can deduce the splitting criteria for vector bundles on the Fano 3-folds V5 and V22
given by Faenzi in [10] and [11].
Theorem 4.6. Let X be a smooth projective variety of dimension n with the strong CM
property given by the n-block collection σ = (E0, · · · , En), Ei = (E
i
1, . . . , E
i
αi
), of line
bundles on X. Let E be a vector bundle on X such that E ⊗ Eij is an ACM bundle for
any Eij ∈ Ei, 0 ≤ i ≤ n− 1. Then, E splits into a direct sum of line bundles.
Proof. We may suppose that E is indecomposable. So that it suffices to prove that E is
a line bundle. By assumption, for any Eij ∈ Ei, 0 ≤ i ≤ n − 1, any 0 < p < n and any
t ∈ Z,
Hp(X,E ⊗ Eij ⊗OX(t)) = 0.
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We choose an integer m such that
⊕αnj=1H
0(X,E ⊗OX(m− 1)⊗E
n
j ) = 0 and ⊕
αn
j=1 H
0(X,E ⊗OX(m)⊗E
n
j ) 6= 0.
We apply Proposition 4.1 to X , σ = (E0, E1, · · · , En) and F = E(m). We conclude that F
contains
⊕αn
i=1(E
n
i
∗)h
0(F⊗Eni ) as a direct summand and since F is indecomposable we get
that F = Eni
∗ for some 1 ≤ i ≤ αn which proves what we want. 
As a consequence we get:
Theorem 4.7. Let X = Pn1 × · · · × Pnr be a multiprojective space and let E be a vector
bundle on X such that E ⊗ OX(t1, · · · , tr) is an ACM bundle for any −ni ≤ ti ≤ 0,
1 ≤ i ≤ r. Then, E splits into a direct sum of line bundles.
Proof. Let σ = (E0, · · · , En1+···+nr) be the (n1 + · · ·+ nr)-block collection of line bundles
on X given in Example 3.4 (3) (see also Example 3.13). Then, we apply Theorem 4.6. 
The converse of Theorem 4.6 turns to be true for vector bundles on projective spaces
(Horrock’s criterion) but, in general, it is not true. For instance, as a consequence of the
Ku¨nneth formula, on any multiprojective space Pn1×· · ·×Pnr there are many line bundles
L such that L⊗O(t1, · · · , tr) is not an ACM bundle (take for example L = OP2×P3(−3, 4)).
As another application of Beilinson-type spectral sequence we will derive a cohomolog-
ical characterization of huge families of vector bundles. The first attempt in this direction
is due to Horrocks who in [15] gave a cohomological characterization of the sheaf of p-
differential forms, Ωp
Pn
. Similarly, in [3], Ancona and Ottaviani obtained a cohomological
characterization of the vector bundles ψi on Qn introduced by Kapranov in [17]. These
two results are a particular case of this following much more general statement.
Proposition 4.8. Let X be a smooth projective variety of dimension n with an n-block
collection σ = (E0, E1, · · · , En), Ei = (E
i
1, . . . , E
i
αi
) of coherent sheaves on X which gener-
ates D and let F be a coherent sheaf on X. Assume there exists j, 0 < j < n such that
for any −n ≤ p ≤ −j − 1 and 1 ≤ i ≤ αp
H−p−1(X,F ⊗Ep+ni ) = 0
and for any −j + 1 ≤ p ≤ 0 and 1 ≤ i ≤ αp
H−p+1(X,F ⊗ Ep+ni ) = 0.
Then F contains
⊕αn−j
i=1 ((REn···En+1−jE
n−j
i )
∗)h
j(F⊗En−ji ) as a direct summand.
Proof. By Theorem 3.16, there is a spectral sequence with E1-term
IIE
pq
1 =
{⊕αp+n
i=1 Ext
q((Ep+ni )
∗, F )⊗ (REn···Ep+n+1E
p+n
i )
∗ if − n ≤ p ≤ −1⊕αn
i=1 Ext
q(Eni
∗, F )⊗ Eni
∗ if p = 0
situated in the square −n ≤ p ≤ 0, 0 ≤ q ≤ n which converges to
IIE
i
∞ =
{
F for i = 0
0 for i 6= 0.
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By assumption, there exists an integer j, 0 < j < n such that IIE
p,−p−1
1 = 0 for any
−n ≤ p ≤ −j − 1 and IIE
p,−p+1
1 = 0 for any −j + 1 ≤ p ≤ 0. Therefore, we have the
following E1-diagram
q
• n
0 • n− 1
0
0 • 0 j
0 2
• 0 1
//• p
−n −j −2 −1
OO
So, the vector bundle F contains IIE
jj
1 =
⊕αn−j
i=1 ((REn···En+1−jE
n−j
i )
∗)h
j(F⊗En−ji ) as a
direct summand. 
Our next goal is to extend Horrock’s characterization of p-differentials over Pn to mul-
tiprojective spaces Pn1 × · · · × Pns. To this end, we will first determine the left dual
(n1+· · ·+ns)-block collection of the (n1+· · ·+ns)-block collection σ = (E0, · · · , E(n1+···+ns))
described in Example 3.4.
Notation 4.9. Let X1 and X2 be two smooth projective varieties and let
pi : X1 ×X2 → Xi, i = 1, 2,
be the natural projections. We denote by B1 ⊠ B2 the exterior tensor product of Bi in
OXi-mod, i = 1, 2, i.e. B1 ⊠ B2 = p
∗
1B1 ⊗ p
∗
2B2 in OX1×X2-mod.
Proposition 4.10. Let X = Pn1 × · · · × Pns be a multiprojective space of dimension
d = n1+ · · ·+ns. For any 0 ≤ j ≤ d, denote by Ej the collection of all line bundles on X
OX(a
j
1, a
j
2, · · · , a
j
s)
with −ni ≤ a
j
i ≤ 0 and
∑s
i=1 a
j
i = j − d. Then, for any OX(t1, · · · , ts) ∈ Ed−k and any
0 ≤ k ≤ d,
R(k)OX(t1, · · · , ts) = REd···Ed−k+1OX(t1, · · · , ts) =
−t1∧
TPn1 (t1)⊠ · · ·⊠
−ts∧
TPns (ts).
Proof. According to Proposition 3.9 (3.9), we only need to see that
∧−t1 TPn1 (t1)⊠ · · ·⊠∧−ts TPns (ts) verifies the orthogonality conditions (3.7) and (3.8). For any i, 0 ≤ i ≤ d,
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let OX(a
i
1, · · · , a
i
s) ∈ Ei. By the Ku¨nneth formula,
Hα(X,
−t1∧
ΩPn1 (−t1)⊠ · · ·⊠
−ts∧
ΩPns (−ts)⊗OX(a
i
1, · · · , a
i
s))
=
⊕
α1+···+αs=α
Hα1(Pn1,
−t1∧
ΩPn1 (a
i
1 − t1))⊗ · · · ⊗H
αs(Pns,
−ts∧
ΩPns (a
i
s − ts)).
Using Bott’s formula, it is zero unless α = k, i = d−k andOX(a
i
1, · · · , a
i
s) = OX(t1, · · · , ts),
which proves what we want. 
The following result gives us a precise cohomological characterization of sheaves of
p-differential forms on multiprojective spaces.
Theorem 4.11. Let X = Pn1 × · · · × Pns be a multiprojective space of dimension d =
n1 + · · ·+ ns. For any 0 ≤ i ≤ d, denote by Ei = (E
i
1, · · · , E
i
αi
) the collection of all line
bundles on X
OX(a
i
1, a
i
2, · · · , a
i
s)
with −nk ≤ a
i
k ≤ 0 and
∑s
k=1 a
i
k = i− d. Assume there exists a rank
(
d
j
)
vector bundle F
on X with 0 < j < d, such that for any −d ≤ p ≤ −j − 1 and 1 ≤ i ≤ αp
H−p−1(X,F ⊗Ep+di ) = 0,
for any −j + 1 ≤ p ≤ 0 and 1 ≤ i ≤ αp
H−p+1(X,F ⊗ Ep+di ) = 0
and Hj(F ⊗ Ed−ji ) = C for any 1 ≤ i ≤ αd−j. Then F is isomorphic to the bundle of
(d− j)-differential forms, i.e.
F ∼=
d−j∧
(ΩPn1×···×Pns (1, · · · , 1)) ∼=
⊕
t1+···+ts=j−d
−t1∧
ΩPn1 (−t1)⊠ · · ·⊠
−ts∧
ΩPns (−ts)
being Ed−ji = OX(t1, · · · , ts).
Proof. It follows from Proposition 4.8 and Proposition 4.10. 
We will end this section extending Horrocks characterization of sheaves of p-differential
forms in Pn to Grassmannians. Notice that under the isomorphism Gr(1, n+1) ∼= Pn, the
universal quotient bundle Q on Gr(1, n+1) corresponds to ΩPn(1). So, it is natural to get,
as a generalization of Horrocks characterization of the bundles Ωp
Pn
(p) =
∧p(ΩPn(1)), a
cohomological characterization of the bundles ΣβQ being Q the universal quotient bundle
on Gr(k, n). More precisely, keeping the notations introduced in Example 2.4 (1) and in
Example 3.4 (1) we have:
According to Example 2.4, for any β = (β1, · · · , βn−k) with k ≥ β1 ≥ β2 ≥ · · · ≥
βn−k ≥ 1, denote by rβ the rank of Σ
βQ and consider rj =
∑
|β|=j rβ.
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Corollary 4.12. Let F be a vector bundle on Gr(k, n), set d = k(n− k) and
Er = {Σ
αS|k(n− k)− r = |α|}.
Assume there exists j, 0 < j < d such that for any −d ≤ p ≤ −j − 1, 1 ≤ i ≤ αp and any
ΣαS ∈ Ed+p
H−p−1(Gr(k, n), F ⊗ ΣαS) = 0
and for any −j + 1 ≤ p ≤ 0, 1 ≤ i ≤ αp and any Σ
αS ∈ Ed+p
H−p+1(Gr(k, n), F ⊗ ΣαS) = 0.
If rankF = rj then, F is isomorphic to
⊕
|β|=j Σ
βQ∗.
Proof. It is well known that the following orthogonality relation between the bundles ΣαS
and ΣβQ∗ holds:
Hq(Gr(k, n),ΣαS ⊗ ΣβQ∗) =
{
C if α = β˜ and q = |α|
0 otherwise.
So, the bundles ΣβQ∗ verify the orthogonality conditions (3.7) and (3.8) and we apply
Proposition 4.8. 
5. Final comments
In [21] Rouquier introduced the notion of dimension for a triangulated category and
he determined bounds for the dimension of the bounded derived category Db(OX −mod)
of coherent sheaves over an algebraic variety X . In particular, among other results, he
proved that if the diagonal of an algebraic variety X has a resolution of length r+1 then
dimDb(OX −mod) ≤ r and for any n-dimensional smooth projective variety X we have
n ≤ dimDb(OX −mod) ≤ 2n . He also posed the following questions:
Question 5.1. Does the inequality
dimDb(OX×Y −mod) ≤ dimD
b(OX −mod) + dimD
b(OY −mod)
hold for X , Y separated schemes of finite type over a perfect field?
Question 5.2. Is there any example of n-dimensional smooth projective variety X with
n < dimDb(OX −mod)?
Using the results we have obtained in this paper, we are able to contribute to these
questions and we will prove that the equality in Question 5.1 holds for multiprojective
spaces and we will enlarge the family of n-dimensional smooth projective variety X such
that n = dimDb(OX −mod) ≤ 2n. Indeed, we have
Theorem 5.3. Let X be a smooth projective variety with the weak CM property. Then
dimDb(OX −mod) = dimX.
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Proof. Denote by n the dimension ofX and consider an n-block collection σ = (E0, · · · , En)
with Ei = (E
i
1, · · · , E
i
αi
). Such n-block collection exists because X has the weak CM-
property. By Theorem 3.16, we have the following resolution of the diagonal
0→
α0⊕
i=1
(REn···E1E
0
i )
∗
⊠ E0i →
α1⊕
i=1
(REn···E2E
1
i )
∗
⊠ E1i → · · ·
· · · →
αn−1⊕
i=1
(REnE
n−1
i )
∗
⊠ En−1i →
αn⊕
i=1
(Eni )
∗
⊠ Eni → O∆ → 0.
So, according to [21]; Proposition 5.5, dimDb(OX −mod) ≤ dimX . On the other hand,
by [21]; Proposition 5.36, dimX ≤ dimDb(OX −mod) and we are done. 
In particular, we have:
Proposition 5.4. Let X = Pn1 × · · · × Pns be a multiprojective space. Then
dimDb(OPn1×···×Pns −mod) =
s∑
i=1
dimDb(OPni −mod).
Proof. Since by Example 3.11 (3), X has the weak CM property, the result follows from
Theorem 5.3 and the fact that, by [21]; Example 5.6, dimDb(OPni −mod) = ni for any
1 ≤ i ≤ s. 
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